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Structure in a complex world

Image credit:
NASA, YouTube @harryshimmin

Kenneth G. Libbrecht (snowcrystals.com)
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The search for structure

`Science

Image credit:
Wikipedia
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Structure in Theoretical Physics

How Why
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Principle of extremized action

All of Classical Physics 
is Optimal

<latexit sha1_base64="faRC+Cbq3BnlNxg9Eh6OY2EnF6Y=">AAACI3icjVDLSsNAFJ2pr1pfrS7dDBbBhZRUpLoRim5cVrQPaEKZTCbt0EkmzNwIJfQ33OrGr3Enblz4LyZpF0YQPDDcw5l77suNpDBgWZ+4tLK6tr5R3qxsbe/s7lVr+z2jYs14lymp9MClhksR8i4IkHwQaU4DV/K+O73J/vuPXBuhwgeYRdwJ6DgUvmAUUsm2PS6BkntyZZFRtd5sWDnI36SOluiMahjbnmJxwENgkhozbFoROAnVIJjk84odGx5RNqVjPkxpSANunCQfek6OU8UjvtLpC4HkatEB/qWTiDCKgYdsYfBjSUCRbBPiCc0ZyFlKKNMi7UnYhGrKIN33Z6WEBsbMAvc0jQGFSRazniYjMAkKgyZZBiglTVF2f6V5eYn5/47WO2s0W43W3Xm9fb08XxkdoiN0gproArXRLeqgLmIoQk/oGb3gV/yG3/HHIrWEl54DVAD++gZV+qR4</latexit>

ωS = 0
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Describing motion -  the how

Newton’s law: F=mag

Energy conservation
Eikin+Eipot=Efkin+Efpot

v0
t

y(t)

A
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In the absence of forces

What characterizes
the path taken by
the object? 

v0
Shortest path
between A and B

t

y(t)

A
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Reflection of a light ray – a recipe

θin θre

x
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Reflection of a light ray – the how

x
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Reflection of a light ray via guiding principle

’

x
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Refraction of a light ray

θin

θre
<latexit sha1_base64="xrTqt8krQUCmBfRundVqn7AfWyU="></latexit>

sin(ωin)

sin(ωre)
=

c1
c2

=
n2

n1

c1>c2 xP
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What characterizes point particle motion?

The further it travels  –  more action
The faster it covers a distance  –  more action
The heavier the object that travels  –  more action 

x
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Early attempts to define action

The longer it travels  –  more action
The faster it covers a distance  –  more action
The heavier the object that travels  –  more action 

[ m v dx ]  =  kg m2 / s  =  kg m2 / s2 · s  =  J·s

Should be an intergral over the whole of motion

<latexit sha1_base64="F0Kcgz8G6H6IhTB3/sXN4BeQb7E=">AAACK3icjVBNSwMxEE3qd/1q9eglWAQPpbQi1YsgevGoaG3BLSWbzbahyWZJZotl6V/xqhd/jSfFq//D7LYHKwgOhHm8zJt5M34shYV6/R0XFhaXlldW14rrG5tb26Xyzr3ViWG8xbTUpuNTy6WIeAsESN6JDafKl7ztDy+z//aIGyt0dAfjmHcV7UciFIyCo3qlnVtyRjwRASHKq468avDYK1UatXoe5G9QQbO47pUx9gLNEsUjYJJa+9Cox9BNqQHBJJ8UvcTymLIh7fMHByOquO2mufkJOXBMQEJt3HM2cnZeAeFpNxVRnACP2FQQJpKAJtlGJBCGM5BjBygzws0kbEANZeD2/tkppcrasfKrLisKgyxnM20GYKDmjKZZBWgt7Tzt/yoL8haT/x3t/qjWaNaaN8eV84vZ+VbRHtpHh6iBTtA5ukLXqIUYekRP6Bm94Ff8hj/w57S0gGeaXTQX+OsbL4em5Q==</latexit>

S =

∫
mv dx
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The classical action – modern form

in absence of forces action is just kinetic energy

<latexit sha1_base64="nwkWgNtYzrjcfGOcf67bhcNYvCw="></latexit>∫
1

2
mv dx =

∫
1

2
mv dx

dt

dt
=

∫
1

2
mv2 dt

Classical action S = Score function for a path x(t)

<latexit sha1_base64="y9pcgpoDXCK34Lk+hJnF6Gr4iQ8="></latexit>

S[x(t)] =

∫ (
Ekin → Epot

)
dt

<latexit sha1_base64="0z68LqJ6KZg74408xBQjeEtrvxI=">AAACGXicjVBLS8NAEN71Weur1aOXYBE8SElEqheh6MVjffQBbSibzaZdusmG3YlQQv+BV734a7yJV0/+GzdpD0YQHBjm49v5Zr4dLxZcg21/4aXlldW19dJGeXNre2e3Ut3raJkoytpUCql6HtFM8Ii1gYNgvVgxEnqCdb3JdfbefWRKcxk9wDRmbkhGEQ84JWCou/vLYaXm1O08rL9BDS2iNaxiPPAlTUIWARVE675jx+CmRAGngs3Kg0SzmNAJGbG+gREJmXbT3OrMOjKMbwVSmYzAytmiAoILN+VRnACL6FwQJMICaWX+LZ8rRkFMDSBUcbPTomOiCAXzy5+TUhJqPQ29E1NDAuOsZjt1BmAcFoymWQdIKXSR9n61+fmI2f+O1jmtO4164/as1rxanK+EDtAhOkYOOkdNdINaqI0oCtATekYv+BW/4Xf8MW9dwgvNPioE/vwGwIWhHg==</latexit>

S =
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How to get an optimal score?

A familiar example: the extremum of a real function

Meaning of optimal?

If you move a tiny bit dx
away from extremum x0, f(x) 
does not change
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Finding the optimal path

(xi,ti)

(xf,tf)

variational principle – extremized action

<latexit sha1_base64="0WLtI1gYndKQ98zrvZt7V5FciiI=">AAACH3icdVBLS8NAEN6tr1pfrR69LBbBg5REpHosevFY0T6gDWWz2bRLN9mwOxFK6J/wqhd/jTfx2n9jklYwigPDfHwz37zcSAoDlrXApbX1jc2t8nZlZ3dv/6BaO+waFWvGO0xJpfsuNVyKkHdAgOT9SHMauJL33Oltlu89cW2ECh9hFnEnoONQ+IJRSKn+0OMSKHkYVet2w8qNWH/Ad6qOVtYe1TAeeorFAQ+BSWrMwLYicBKqQTDJ55VhbHhE2ZSO+SCFIQ24cZJ84Tk5TRmP+EqnHgLJ2aIC/GsnEWEUAw/ZUuDHkoAi2RXEE5ozkLMUUKZFOpOwCdWUQXrrz04JDYyZBe55GgMKkyxmM00GYBIUFk2yClBKmiLt/irz8hbzn0/7H3QvGnaz0by/rLduVu8ro2N0gs6Qja5QC92hNuoghiR6Ri/oFb/hd/yBP5elJbzSHKGC4cUXivGjoQ==</latexit>

ωS [xtrial]
<latexit sha1_base64="MHXStmWIQPgaxV0SdUJqkwwG7a4=">AAACHXicjVDLSgMxFE3qq9ZXq0s3wSK4kDIVqS6LblxWsA9oS8lk0jY2k4zJHaEM/Qe3uvFr3Ilb8W/MtF04guCBcA8n99yXH0lhwfO+cG5ldW19I79Z2Nre2d0rlvZbVseG8SbTUpuOTy2XQvEmCJC8ExlOQ1/ytj+5Tv/bj9xYodUdTCPeD+lIiaFgFJzU6in+QLxBsVyteHOQv0kZLdEYlDDuBZrFIVfAJLW2W/Ui6CfUgGCSzwq92PKIsgkd8a6jiobc9pP5uDNy7JSADLVxTwGZq1kHDC/7iVBRDFyxhWEYSwKapDuQQBjOQE4docwI15OwMTWUgdv0Z6WEhtZOQ//UxZDCOI1pT5sSGIeZQZM0A7SWNiv7v9KCeYnZ/47WOqtUa5Xa7Xm5frU8Xx4doiN0gqroAtXRDWqgJmLoHj2hZ/SCX/Ebfscfi9QcXnoOUAb48xux+KKm</latexit>

→= 0

<latexit sha1_base64="0WLtI1gYndKQ98zrvZt7V5FciiI=">AAACH3icdVBLS8NAEN6tr1pfrR69LBbBg5REpHosevFY0T6gDWWz2bRLN9mwOxFK6J/wqhd/jTfx2n9jklYwigPDfHwz37zcSAoDlrXApbX1jc2t8nZlZ3dv/6BaO+waFWvGO0xJpfsuNVyKkHdAgOT9SHMauJL33Oltlu89cW2ECh9hFnEnoONQ+IJRSKn+0OMSKHkYVet2w8qNWH/Ad6qOVtYe1TAeeorFAQ+BSWrMwLYicBKqQTDJ55VhbHhE2ZSO+SCFIQ24cZJ84Tk5TRmP+EqnHgLJ2aIC/GsnEWEUAw/ZUuDHkoAi2RXEE5ozkLMUUKZFOpOwCdWUQXrrz04JDYyZBe55GgMKkyxmM00GYBIUFk2yClBKmiLt/irz8hbzn0/7H3QvGnaz0by/rLduVu8ro2N0gs6Qja5QC92hNuoghiR6Ri/oFb/hd/yBP5elJbzSHKGC4cUXivGjoQ==</latexit>

ωS [xoptimal]=0
g

<latexit sha1_base64="ovppwAuflc7KD+402osLJCtZJ78="></latexit>

ωS = S[trial path]→ S[trial pathwith tiny deformation] = 0

This is the path
realized in nature
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Rediscovering Newton’s law
<latexit sha1_base64="BQg2xRI3hhkSUvYnA8SOKih7tBg="></latexit>

ωS =

∫ (
ω
{1
2
mẋ2

}
→ ω

{
V (x)

})
dt = 0

= 0
<latexit sha1_base64="oEZiDucCxkjLhpc/t8+DBRp89dA="></latexit>

=

∫ ({
→mẍ→ dV

dx

}
ωx

)
dt

<latexit sha1_base64="db2ZTpp9Id9/F2yW7ALwyaX9D+Y=">AAACM3icjVDLSgMxFE181vFVdaebYBEEtUxF1I1QFMRlBauCHUomk7GhyWRI7ghlGPBr3OrGjxF34tZ/cGbahRUEL4R7ODn3ca4fS2HBdd/wxOTU9MxsZc6ZX1hcWq6urF5bnRjG20xLbW59arkUEW+DAMlvY8Op8iW/8ftnxf/NAzdW6OgKBjH3FL2PRCgYhZzqVtedPZV2/JDQjOyQEp1n5IS4jtOt1hp1twzyN6ihUbS6Kxh3As0SxSNgklp713Bj8FJqQDDJM6eTWB5T1qf3/C6HEVXcemlpIiNbOROQUJv8RUBKdrwCwmMvFVGcAI/YsCBMJAFNCmckEIYzkIMcUGZEPpOwHjWUQe7/Z6eUKmsHyt/Ns6LQK3Ix0xYAemps0bRQgNbSjtP+L1lQtsj+d7Tr/XrjsH54eVBrno7OV0EbaBNtowY6Qk10gVqojRh6RE/oGb3gV/yOP/DnUDqBRzVraCzw1zf1+aie</latexit>

→ma+ F = 0

<latexit sha1_base64="IVfSTmCuB2l4d4LY9kPNmwTxfeE="></latexit>∫ (
ωEkin → ωEpot

)
dt
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A guiding principle beyond mechanics

Electromagnetism
<latexit sha1_base64="FgwcDmpRkL6y2wyTQ0Jue6HmFJs="></latexit>

S =

∫
d4x

1

2

(
ω0E

2 → 1

µ0
B2

)

Maxwell’s equation

<latexit sha1_base64="faRC+Cbq3BnlNxg9Eh6OY2EnF6Y=">AAACI3icjVDLSsNAFJ2pr1pfrS7dDBbBhZRUpLoRim5cVrQPaEKZTCbt0EkmzNwIJfQ33OrGr3Enblz4LyZpF0YQPDDcw5l77suNpDBgWZ+4tLK6tr5R3qxsbe/s7lVr+z2jYs14lymp9MClhksR8i4IkHwQaU4DV/K+O73J/vuPXBuhwgeYRdwJ6DgUvmAUUsm2PS6BkntyZZFRtd5sWDnI36SOluiMahjbnmJxwENgkhozbFoROAnVIJjk84odGx5RNqVjPkxpSANunCQfek6OU8UjvtLpC4HkatEB/qWTiDCKgYdsYfBjSUCRbBPiCc0ZyFlKKNMi7UnYhGrKIN33Z6WEBsbMAvc0jQGFSRazniYjMAkKgyZZBiglTVF2f6V5eYn5/47WO2s0W43W3Xm9fb08XxkdoiN0gproArXRLeqgLmIoQk/oGb3gV/yG3/HHIrWEl54DVAD++gZV+qR4</latexit>

ωS = 0
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New insight from action principle

In General Physics I we encountered conserved quantities 

Why not more, why not less?
energy E, momentum p, angular momentum L 

Action principle relates conserved
quantities and symmetries
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Towards Noether’s theorem

Symmetries
(a way to transform
 a system leaving it
 unchanged)

<latexit sha1_base64="hSZFisJswbi9IpfGJ7zG8j+sN4o=">AAACLnicjVDLSgMxFE3qq9ZXq7hyEyyCCylTkepGKLpxWbEv6JSSyaRtaDIZkjtCGfoxbnXj1wguxK2f4UzbhSMIHgj3cHLPfXmhFBYc5x3nVlbX1jfym4Wt7Z3dvWJpv211ZBhvMS216XrUcikC3 gIBkndDw6nyJO94k9v0v/PIjRU6aMI05H1FR4EYCkYhkQbFQ9fnEih5GMSuUaQ5I9dOoTAolqsVZw7yNymjJRqDEsaur1mkeABMUmt7VSeEfkwNCCb5rOBGloeUTeiI9xIaUMVtP57PPyMnieKToTbJC4DM1awDhlf9WARhBDxgC8MwkgQ0SZcivjCcgZwmhDIjkp6EjamhDJLVf1aKqbJ2qryzJCoK4zSmPW1KYKwyg8ZpBmgtbVb2fqX58xKz/x2tfV6p1iq1+4ty/WZ5vjw6QsfoFFXRJaqjO9RALcRQjJ7QM3rBr/gNf+DPRWoOLz0HKAP89Q1pbKf9</latexit>

ωST = 0
action invariant under symmetry
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Noether’s theorem

time translation symmetry 
(experiment
today or next 
Wednesday)

rotation symmetry 
(experiment oriented 
in different ways )

Energy is conserved Lx, Ly, Lz is conserved

px, py, pz is conserved

Action unchanged under 
continuous symmetry 

<latexit sha1_base64="hSZFisJswbi9IpfGJ7zG8j+sN4o=">AAACLnicjVDLSgMxFE3qq9ZXq7hyEyyCCylTkepGKLpxWbEv6JSSyaRtaDIZkjtCGfoxbnXj1wguxK2f4UzbhSMIHgj3cHLPfXmhFBYc5x3nVlbX1jfym4Wt7Z3dvWJpv211ZBhvMS216XrUcikC3gIBkndDw6nyJO94k9v0v/PIjRU6aMI05H1FR4EYCkYhkQbFQ9fnEih5GMSuUaQ5I9dOoTAolqsVZw7yNymjJRqDEsaur1mkeABMUmt7VSeEfkwNCCb5rOBGloeUTeiI9xIaUMVtP57PPyMnieKToTbJC4DM1awDhlf9WARhBDxgC8MwkgQ0SZcivjCcgZwmhDIjkp6EjamhDJLVf1aKqbJ2qryzJCoK4zSmPW1KYKwyg8ZpBmgtbVb2fqX58xKz/x2tfV6p1iq1+4ty/WZ5vjw6QsfoFFXRJaqjO9RALcRQjJ7QM3rBr/gNf+DPRWoOLz0HKAP89Q1pbKf9</latexit>

ωST = 0
<latexit sha1_base64="Z3WO+HJgkIR7WD357F+GTzyUIq8=">AAACKnicjVDLSsNAFJ2pr1pfrS7dBIvgQkoqUt0IRTcuW+gL2lImk0k7dJIJMzdKCfkUt7rxa9wVt36Ik7QLIwheGO7hzLmPc51QcA22vcSFjc2t7Z3ibmlv/+DwqFw57mkZKcq6VAqpBg7RTPCAdYGDYINQMeI7gvWd+UP6339iSnMZdGARsrFPpgH3OCVgqEm5MvIUobHbnnSS2IXkzp6Uq/WanYX1N6iidbQmFYxHrqSRzwKggmg9rNshjGOigFPBktIo0iwkdE6mbGhgQHymx3G2e2KdG8a1PKnMC8DK2HwFeLfjmAdhBCygqwIvEhZIKzVkuVwxCmJhAKGKm5kWnRFjCoztn51i4mu98J1Lk30CszSnM3UKYObnFo1TBUgpdJ52fsncrEXyv6P1rmr1Rq3Rvq4279fnK6JTdIYuUB3doCZ6RC3URRQ9oxf0it7wO/7AS/y5khbwuuYE5QJ/fQPipafq</latexit>

dQT

dt
= 0

spatial translation
               symmetry

(experiment here
or over there)
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A glimpse into the quantum world

all of classical physics
<latexit sha1_base64="Ufeo/Wom2xM+xdErO7XAjWahc3c=">AAACJXicjVDLSsNAFJ2pr1pfrS7dDBbBhZRUpLoRim7EVUX7gDaWyWTSDp1kwsyNUEL/w61u/Bp3IrjyV0zSLowgeGC4hzP33JcTSmHAsj5xYWl5ZXWtuF7a2Nza3ilXdjtGRZrxNlNS6Z5DDZci4G0QIHkv1Jz6juRdZ3KV/ncfuTZCBfcwDbnt01EgPMEoJNJD/84mF+RmwFwFxAzL1XrNykD+JlW0QGtYwXjgKhb5PAAmqTH9uhWCHVMNgkk+Kw0iw0PKJnTE+wkNqM+NHWdjz8hhorjEUzp5AZBMzTvAO7djEYQR8IDNDV4kCSiS7kJcoTkDOU0IZVokPQkbU00ZJBv/rBRT35ip7xwn0acwTmPa06QExn5u0DjNAKWkycvOrzQ3KzH739E6J7V6o9a4Pa02LxfnK6J9dICOUB2doSa6Ri3URgxp9ISe0Qt+xW/4HX/MUwt44dlDOeCvbyoqpXE=</latexit>

[S] = J · s

<latexit sha1_base64="fQ5SBGu17IiBr6Uf6X9Px9ZUmTI=">AAACGHicjVBNS8NAEN2tX7V+tXr0EiyCBymJSPVY9OKxRfsBbSibzaZdusmG3YlQQn+BV734a7yJV2/+GzdpD0YQHBjm8XbezNvxYsE12PYXLq2tb2xulbcrO7t7+wfV2mFPy0RR1qVSSDXwiGaCR6wLHAQbxIqR0BOs781us/f+I1Oay+gB5jFzQzKJeMApAUN17sfVutOw87D+BnW0iva4hvHIlzQJWQRUEK2Hjh2DmxIFnAq2qIwSzWJCZ2TChgZGJGTaTXOnC+vUML4VSGUyAitniwoIrt2UR3ECLKJLQZAIC6SV2bd8rhgFMTeAUMXNTotOiSIUzCd/TkpJqPU89M5NDQlMs5rt1BmAaVgwmmYdIKXQRdr71ebnIxb/O1rvouE0G83OZb11szpfGR2jE3SGHHSFWugOtVEXUcTQE3pGL/gVv+F3/LFsLeGV5ggVAn9+AzM6oNc=</latexit>

S
<latexit sha1_base64="3UZuR5AjFxqC9q5oSHZ74OkfPLU=">AAACHHicjVDLSsNAFJ2pr1pfrS7dBIvgQkoqUl0W3bisYNpCG8pkMmmGTjJh5kYood/gVjd+jTtxK/g3TtIujCB4YLiHM/fcl5cIrsG2v3BlbX1jc6u6XdvZ3ds/qDcO+1qmijKHSiHV0COaCR4zBzgINkwUI5En2MCb3eb/g0emNJfxA8wT5kZkGvOAUwJGcsahR9Sk3my37ALW36SJVuhNGhiPfUnTiMVABdF61LYTcDOigFPBFrVxqllC6IxM2cjQmERMu1kx7cI6NYpvBVKZF4NVqGUHBNduxuMkBRbTpSFIhQXSylewfK4YBTE3hFDFTU+LhkQRCmbRn5UyEmk9j7xzEyMCYR7znjonEEalQbM8A6QUuix7v9L8osTif0frX7TanVbn/rLZvVmdr4qO0Qk6Q210hbroDvWQgyji6Ak9oxf8it/wO/5YplbwynOESsCf35pIoqU=</latexit>

⊋
Planck’s constant
Quantum physics

<latexit sha1_base64="fedFP5KH/kYM8FJwKB4Di18DGZg=">AAACKXicjVDLSsNAFJ3xWesr1aWbwSK4kJKKVDdC0Y24qmAf0IYymUyboZNMmLkplNA/casbv8aduvVHTNIujCB4YLiHM/fclxtJYcC2P/DK6tr6xmZpq7y9s7u3b1UOOkbFmvE2U1LpnksNlyLkbRAgeS/SnAau5F13cpv9d6dcG6HCR5hF3AnoOBQjwSik0tCy+gPfpdq5vh8wTwExQ6tar9k5yN+kipZoDSsYDzzF4oCHwCQ1pl+3I3ASqkEwyeflQWx4RNmEjnk/pSENuHGSfPQ5OUkVj4yUTl8IJFeLDhhdOYkIoxh4yBaGUSwJKJLtQzyhOQM5SwllWqQ9CfOppgzSrX9WSmhgzCxwz9IYUPCzmPU0GQE/KAyaZBmglDRF2f2V5uUl5v87Wue8Vm/UGg8X1ebN8nwldISO0Smqo0vURHeohdqIoSl6Qs/oBb/iN/yOPxepK3jpOUQF4K9vZTOnHA==</latexit>

[⊋] = J · s
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Classical action in the microscopic realm

(xi,ti)

(xf,tf)
<latexit sha1_base64="zlE7dGUQUXN9YY8N2otOjLj5Rz0="></latexit>

Probxi→xf =

∣∣∣∣∣∣

∑

paths

e
i
⊋S[x,ẋ]

∣∣∣∣∣∣

2
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Summary

All classical motion can be understood as optimal
w.r.t. the classical action (principle of extremized action) 

<latexit sha1_base64="X8HucgHgNJubrLyxM7tO8eOn9Lg="></latexit>

S =

∫ (
Ekin → Epot

)
dt

<latexit sha1_base64="faRC+Cbq3BnlNxg9Eh6OY2EnF6Y=">AAACI3icjVDLSsNAFJ2pr1pfrS7dDBbBhZRUpLoRim5cVrQPaEKZTCbt0EkmzNwIJfQ33OrGr3Enblz4LyZpF0YQPDDcw5l77suNpDBgWZ+4tLK6tr5R3qxsbe/s7lVr+z2jYs14lymp9MClhksR8i4IkHwQaU4DV/K+O73J/vuPXBuhwgeYRdwJ6DgUvmAUUsm2PS6BkntyZZFRtd5sWDnI36SOluiMahjbnmJxwENgkhozbFoROAnVIJjk84odGx5RNqVjPkxpSANunCQfek6OU8UjvtLpC4HkatEB/qWTiDCKgYdsYfBjSUCRbBPiCc0ZyFlKKNMi7UnYhGrKIN33Z6WEBsbMAvc0jQGFSRazniYjMAkKgyZZBiglTVF2f6V5eYn5/47WO2s0W43W3Xm9fb08XxkdoiN0gproArXRLeqgLmIoQk/oGb3gV/yG3/HHIrWEl54DVAD++gZV+qR4</latexit>

ωS = 0
The action reveals that continuous symmetries are
intimately related to conserved quantities (Noether’s theorem)

Even in the microscopic domain: classical action governs
the quantum fluctuations of paths


